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ON THE ESSENTIAL SPECTRUM OF N-BODY SYSTEMS WITH ASYMPTOTICALLY
HOMOGENEOUS OF ORDER ZERO INTERACTIONS
VLADIMIR GEORGESCU AND VICTOR NISTOR
ABSTRACT. We overview some of our recent results on the essential spectrum of N -body Hamiltonians with potentials
defined by functions that have radial limits at infinity. The results extend the HVZ theorem which describes the essential
spectrum of usual N -body Hamiltonians. The proof is based on a careful study of algebras generated by potentials and their
cross-products. We also describe the topology on the spectrum of these algebras, thus extending to our setting a result of A.
Mageira. Our techniques apply to more general classes of potentials associated to translation invariant algebras of bounded
uniformly continuous functions on a finite dimensional vector space X .
INTRODUCTION
Let X be a finite dimensional real vector space and, for each linear subspace Y of X , let VY : X/Y → R be a Borel
function. To simplify the statements, we assume VY = 0, except for a finite number of Y . We keep the notation VY for
the function on X given by VY ◦πY , where πY : X → X/Y is the natural map. In this paper, we use crossed-products
of C∗-algebras to study the essential spectrum of Hamiltonians of the form
H := h(P ) +
∑
Y VY , (1)
under certain conditions on the potentials VY . Here h : X∗ → [0,∞[ is a continuous, proper function and P is the
momentum observable (recall that proper means that lim|k|→∞h(k) = +∞). More precisely, h(P ) = F−1MhF ,
where F : L2(X) → L2(X∗) is the Fourier transform and Mh is the operator of multiplication by h (formally
P = −i∇).
Operators of this form cover the Hamiltonians that are currently the most interesting (from a physical point of view)
Hamiltonians of N -body systems. Here are two main examples. In a generalized version of the non-relativistic case,
a scalar product is given on X , so, by taking h(ξ) = |ξ|2, we get h(P ) = ∆, the positive Laplacian. In the simplest
relativistic case, X = (R3)N and, writing the momentum P = (P1, . . . , PN ), we have h(P ) =
∑N
k=1(P
2
k +m
2
k)
1/2
for some real numbers mk. We refer to [3] for a thorough introduction to the subject and study of these systems.
To state our results, we need some notations and a definition. Let SX := (X r {0})/R+ be the sphere at infinity
of X , i.e. the set of all half-lines â := R+a with R+ = ]0,∞[ and a ∈ X \ {0}. A function v : X → C is
said to have uniform radial limits at infinity if v(â) := limr→∞v(ra) exists uniformly in â ∈ SX . Clearly then
v(â) = limr→∞v(ra + x) , ∀x ∈ X . More generally, we are interested in functions v such that limr→∞v(ra + x)
exists for all x ∈ X . The limit may depend on x and defines a function τα(v) : X → C, where α := â. For example,
let us consider v = VY . Then τα(VY )(x) = limr→∞VY (rπY (a) + πY (x)). In particular, τα(VY ) = VY whenever
α := â ⊂ Y (i. e. a ∈ Y ). On the other hand, if VY : X/Y → C has uniform radial limits at infinity and â = α 6⊂ Y ,
then πY (α) := R+πY (a) = â+ Y ∈ SX/Y is well defined and τα(VY )(x) = VY (πY (α)) turns out to be a constant.
We denote by ∪αAα := ∪αAα the closure of the union of a given family of sets. Here is the main result of the paper:
Theorem 1. Assume that each of the functions VY : X/Y → R is bounded and has uniform radial limits at infinity.
For each α ∈ SX , we denote
τα(H) = h(P ) +
∑
Y
τα(VY ) = h(P ) +
∑
Y⊃α
VY +
∑
Y 6⊃α
VY (πY (α)) . (2)
Then σ(τα(H)) = [cα,∞) for some real cα and σess(H) = ∪α∈SXσ(τα(H)) = [infα cα,∞).
Unbounded potentials are considered in Theorem 4. If all the radial limits are zero, which is the case of the usual
N -body potentials, then the terms corresponding to α 6⊂ Y are dropped in (2). Consequently, if h(P ) = ∆ is the
non-relativistic kinetic energy, we recover the Hunziker, van Winter, Zhislin (HVZ) theorem. Descriptions of the
essential spectrum of various classes of self-adjoint operators in terms of limits at infinity of translates of the operators
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have already been obtained before, see for example [8, 12] and [9] (in historical order). Our approach is based on the
“localization at infinity” technique developed in [6, 7] in the context of crossed-productC∗-algebras.
Let us sketch the main idea of this approach. Let A be a translation invariant C∗-algebra of bounded uniformly
continuous functions containing the functions which have a limit at infinity and let Â be its character space. Note that
Â is a compact topological space that naturally contains X as an open dense subset and δ(A) = Â \X can be thought
as a boundary of Xat infinity. Then to each self-adjoint operator H affiliated1 to the crossed product A⋊X of A by
the action of X one may associate a family of self-adjoint operators Hκ affiliated to A⋊X indexed by the characters
κ ∈ δ(A). This family completely describes the image of H (in the sense of affiliated operators) in the quotient of
A ⋊X with respect to the ideal of compact operators. In particular, the essential spectrum of H is the closure of the
union of the spectra of the operators Hκ . These operators are the localizations at infinity of H , more precisely, Hκ is
the localization of H at the point κ.
Once chosen the algebra A, in order to use these techniques of this paper concrete situations, one still needs the
following: (1) to have a good description of the character space of the abelian algebra A, and (2) to have an efficient
criterion for affiliation to the crossed productA⋊X . In this paper, we explain also how to achieve these two steps.
1. CROSSED PRODUCTS AND LOCALIZATION AT INFINITY
We begin with some general facts. Let Cb(X) be the algebra of bounded continuous functions, C0(X) the ideal of
functions vanishing at infinity, C(X+) = C + C0(X), and Cub(X) the subalgebra of bounded uniformly continuous
functions on X . If p ∈ X∗ and q ∈ X then we define unitary operators Sp and Tq on L2(X) by
(Spf)(x) = e
ip(x)f(x) and (Tqf)(q) = f(x+ q) . (3)
One sometimes writes p(x) = 〈x|p〉. The symbol A(∗) used below means that the relation should hold for A and A∗.
Definition 1. We say that a bounded operator A on L2(X) has the position-momentum limit property if
lim
p→0
‖[Sp, A]‖ = 0 and lim
q→0
‖(Tq − 1)A
(∗)‖ = 0 .
It is clear that the set of operators which have the position-momentum limit property is a C∗-algebra. This algebra is
equal to the (image in B(L2(X)) of the crossed products Cub(X) ⋊ X (see [6]). More precisely, if A is an arbitrary
translation invariantC∗-subalgebra of Cub(X), then there is a natural realization of the abstract crossed productA⋊X
as a C∗-algebra of operators on L2(X) and we do not distinguish the two algebras. To describe this concrete version
of A⋊X , and for later use, we need some more notations.
If ϕ : X → C and ψ : X∗ → C are measurable functions then ϕ(Q) and ψ(P ) are the operators on L2(X) defined
as follows: ϕ(Q) := Mφ acts as multiplication by ϕ and ψ(P ) = F−1MψF , where F is the Fourier transform
L2(X) → L2(X∗) and Mψ is the operator of multiplication by ψ. The group C∗-algebra of X , i.e. the closed
subspace of B(L2(X)) generated by convolution with continuous functions with compact support, will be denoted
C∗(X). The map ψ 7→ ψ(P ) is an isomorphism between C0(X∗) and C∗(X). With these notations, we have: A⋊X
is the norm closed linear space of bounded operators on L2(X) generated by the products ϕ(Q)ψ(P ) with ϕ ∈ A and
ψ ∈ C0(X
∗). In particular,A⋊X consists of operators that have the position-momentum limit property.
Our next goal is to recall the definition of localizations at infinity for operators that have the position-momentum
limit property. Let us fix then an algebra A such that C(X+) ⊂ A. As we explained in the introduction, Â is a
compactification of X and δ(A) = Â \X is a compact set which can be characterized as the set of characters κ such
that κ|C0(X) = 0. The largest A that we may consider is Cub(X) and we denote γ(X) := Ĉub(X) its character space
and δ(X) = γ(X) \X . For a general A now, the map κ 7→ κ|A is a continuous surjective map δ(X) → δ(A), and
hence δ(A) is a quotient of the compact space δ(X). If q ∈ X and ϕ is a function on X then Tqϕ is its translation by
q, defined as in (3). We extend now this definition of Tq by replacing q ∈ X with a character κ ∈ Â:
(Tκϕ)(x) = κ(Txϕ) , for any ϕ ∈ A , κ ∈ Â and, x ∈ X. (4)
1 A self-adjoint operator H on a Hilbert space H is said to be affiliated to a C∗-algebra A of operators on H if one has (H +i)−1 ∈ A . Then
ϕ(H) ∈ A for any ϕ ∈ C0(R).
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It is clear that Tκϕ ∈ Cub(X) and that its definition coincides with the previous one if κ = q ∈ X . Moreover, we also
get “translations at infinity” of ϕ ∈ A by elements κ ∈ δ(A); note however that such a translation does not belong
to A in general. Also, the function κ 7→ Tκϕ ∈ Cub(X) defined on Â is continuous if Cub(X) is equipped with the
topology of local uniform convergence, hence Tκϕ = limq→κ Tqϕ in this topology for any κ ∈ δ(A). If A is an
operator on L2(X), let τq(A) = TqAT ∗q be its translation by q ∈ X . Clearly τq(ϕ(Q)) = (Tqϕ)(Q). If A ∈ A⋊X ,
then we may also consider “translations at infinity” by elements of the boundary δ(A) of X in Â and we get a useful
characterization of the compact operators. The following facts are mainly consequences of [7, Theorem 1.15]:
• If κ ∈ Â, then there is a unique morphism τκ : A⋊X → Cub(X)⋊X such that
τκ(ϕ(Q)ψ(P )) = (Tκϕ)(Q)ψ(P ) , for all ϕ ∈ Cub(X), ψ ∈ C0(X) .
• If A ∈ A⋊X then κ 7→ τκ(A) is a strongly continuous map Â → B(L2(X)).
• ∩κ∈δ(A) ker τκ = C0(X)⋊X ≡ K (X) = ideal of compact operators on L2(X).
• The map τ(A) = (τκ(A))κ∈δ(A) induces an injective morphism
A⋊X/K (X) →֒
∏
κ∈δ(A) C (X). (5)
• If A ∈ A⋊X is a normal operator then σess(A) = ∪κ∈δ(A)σ(τκ(A)).
• If H is a self-adjoint operator on L2(X) affiliated to A then for each κ ∈ δ(A) the limit τκ(H) :=
s-limq→κTqHT
∗
q exists and σess(H) = ∪κ∈δ(A)σ(τκ(H)).
To be precise, the last strong limit means: τκ(H) is a self-adjoint operator (not necessarily densely defined) on L2(X)
and s-limq→κθ(TqHT ∗q ) = θ(τκ(H)) for all θ ∈ C0(R). It is clear that in the last three statements above one may
replace δ(A) by a subset π if for each A ∈ A ⋊X we have: τκ(A) = 0 ∀κ ∈ π ⇒ τκ(A) = 0 ∀κ ∈ δ(A). In the
case of groupoid (pseudo)differential algebras (that is, when Â is a manifold with corners), the morphisms τκ can be
defined using restrictions to fibers, as in [10], and the last three statements above remain valid.
2. THE TWO-BODY CASE
As a warm up and in order to introduce some general notation, we treat first the two-body case, where complete results
may be obtained by direct arguments. The algebra of interactions in the standard two-body case is C(X+), and hence
the Hamiltonian algebra is
C(X+)⋊X = C⋊X + C0(X)⋊X = C
∗(X) + K (X) (6)
where the sums are direct. Thus C(X+) ⋊X/K (X) = C∗(X) which finishes the theory. Another elementary case,
which has been considered as an example in [6], is X = R with C(R+) replaced by the algebra C(R) of continuous
functions which have limits (distinct in general) at±∞. Then there is no natural direct sum decomposition of C(R)⋊R
as in (6), but one has by standard arguments
C(R)⋊R/K (R) ≃ C∗(R)⊕ C∗(R). (7)
Our purpose in this section is to extend (7) to arbitrary X and the main result is an explicit description of the crossed
product algebra C(X)⋊X .
Let C(X) be the closure in Cb(X) of the subalgebra of functions homogeneous of degree zero outside a compact
set. Then C(X) = {u ∈ C(X) | limλ→+∞u(λa) exists uniformly in â ∈ SX}, where, we recall, â := R+a and
SX := (X r {0})/R+, so â ∈ SX . As a set, the character space of C(X) can be identified with the disjoint union
X = X ∪ SX . The topology induced by the character space on X is the usual one and the intersections with X of the
neighbourhoods of some α ∈ SX are the sets which contain a truncated cone C such that there is a ∈ α such λa ∈ C
if λ ≥ 1. The set of such subsets is a filter α˜ on X and, if Y is a Hausdorff space and u : X → Y , then limα˜ u = y
means that u−1(V ) ∈ α˜ for any neighborhood V of u. We shall write limx→αu(x) instead of limα˜ u. We have that
C(X) is a translation invariant C∗-subalgebra of Cub(X) and so the crossed product C(X) ⋊ X is well defined. We
have the following explicit description of this algebra.
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Proposition 1. The algebra C(X) ⋊ X acting on L2(X) consists of bounded operators A that have the position-
momentum limit property and are such that the limit τα(A) = s-lima→αTaAT ∗a exists for each α = â ∈ SX . If
A ∈ C(X) ⋊ X and α ∈ SX , then τα(A) ∈ C∗(X) and τ(A) : α 7→ τα(A) is norm continuous. The map
τ : C(X)⋊X → C(SX)⊗C
∗(X) is a surjective morphism whose kernel is the set of compact operators on L2(X),
which gives
C(X)⋊X/K (X) ∼= C(SX)⊗ C
∗(X). (8)
If H is a self-adjoint operator affiliated to C(X) ⋊ X then τα(H) = s-lima→αTaHT ∗a exists for all α ∈ SX and
σess(H) = ∪ασ(τα(H)).
Equations (7) and (8) follow also from standard properties of crossed-product algebras by amenable groups.
In the next two exampleH = h(P )+V with h : X∗ → [0,∞[ continuous and proper. We denote by | · | a fixed norm
on X∗ and by Hs we denote the usual Sobolev spaces on X (s ∈ R).
Example 1. Let V be a bounded symmetric operator satisfying: (1) limp→0 ‖[Sp, V ]‖ = 0 and (2) the limit τα(V ) =
s-lima→αTaV T
∗
a exists for each α ∈ SX . Then H is affiliated to C(X)⋊X and τα(H) = h(P ) + τα(V ). Moreover,
if V is a function then τα(V ) is a number, but in general we have τα(V ) = vα(P ) for some function vα ∈ Cub(X∗).
Example 2. Assume that h is locally Lipschitz and that there exist c, s > 0 such that, for all p with |p| > 1,
|∇h(p)| ≤ c
(
1 + h(p)
)
and c−1|p|s ≤
(
1 + h(p)
)1/2
≤ c|p|s. (9)
Let V : Hs → H−s such that ±V ≤ µh(P ) + ν for some numbers µ, ν with µ < 1 and satisfying the next two
conditions: (1) limp→0‖[Sp, V ]‖Hs→H−s = 0, (2) ∀α ∈ SX the limit τα(V ) = s-lima→αTaV T ∗a exists strongly in
B(Hs,H−s). Then h(P ) + V and h(P ) + τα(V ) are symmetric operators Hs → H−s which induce self-adjoint
operators H and τα(H) in L2(X) affiliated to C(X)⋊X and σess(H) = ∪ασ(τα(H)).
3. N-BODY CASE
We first indicate a general way of constructingN -body Hamiltonians. For each linear subspace Y ⊂ X letA(X/Y ) ⊂
Cub(X/Y ) be a translation invariant C∗-subalgebra containing C0(X/Y ) with A(X/X) = A(0) = C. We embed
A(X/Y ) ⊂ Cub(X) as usual by identifying v with v ◦ πY . Then the C∗-algebra A generated by these algebras is a
translation invariantC∗-subalgebra of Cub(X) containing C(X+) and thus we may consider the crossed productA⋊X
which is equal to the C∗-algebra generated by the crossed productsA(X/Y )⋊X . The operators affiliated to A⋊X
are N -body Hamiltonians.
The standardN -body algebra corresponds to the minimal choiceA(X/Y ) = C0(X/Y ) and has remarkable properties
which makes its study relatively easy (it is graded by the lattice of subspaces of X). Our purpose in this paper is to
study what could arguably be considered to be the simplest extension of the classical N -body setting: namely, it is
obtained by choosing A(X/Y ) = C(X/Y ) for all Y . The next more general case would correspond to the choice
A(X/Y ) = V(X/Y ) which is the algebra of functions with vanishing oscillating at infinity (the closure in sup norm
of the set of bounded functions of class C1 with derivatives tending to zero at infinity).
Definition 2. Let E(X) be the C∗-subalgebra of Cub(X) generated by ∪Y C(X/Y ).
Clearly E(X) is a translation invariant C∗-subalgebra of Cub(X) containing C(X+) := C0(X) + C. If Y is a linear
subspace of X then the C∗-algebra E(X/Y ) ⊂ Cub(X/Y ) is well defined and naturally embedded in E(X): it is the
C∗-algebra generated by ∪Z⊃Y C(X/Z). We have
C = E(0) = E(X/X) ⊂ E(X/Y ) ⊂ E(X/Z) ⊂ E(X). (10)
If α ∈ SX , we shall denote by abuse of notationX/α be the quotientX/[α] ofX by the subspace [α] := Rα generated
by α and let us set πα = π[α]. It is clear that τα(u)(x) = limr→+∞u(ra+ x) exists ∀u ∈ E(X) and that the resulting
function τα(u) belongs to E(X). The map τα is an endomorphism of E(X) and a linear projection of E(X) onto the
C∗-subalgebra E(X/α).
If α ∈ SX and β ∈ SX/α, then β generates a one dimensional linear subspace [β] := Rβ ⊂ X/α, as above, and
hence π−1α ([β]) is a two dimensional subspace of X that we shall denote [α, β]. We shall identify (X/α)/β with
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X/[α, β]. Then we have two idempotent morphisms τα : E(X) → E(X/α) and τβ : E(X/α) → E(X/[α, β]). Thus
τβτα : E(X) → E(X/[α, β]) is an idempotent morphism. This construction extends in an obvious way to families
−→α = (α1, . . . , αn) with n ≤ dimX and α1 ∈ SX , α2 ∈ SX/α1 , α3 ∈ SX/[α1,α2], . . . (we allow n = 0 and denote
A the set of all such families). The endomorphism τ−→α of E(X) is defined by induction: τ−→α = ταn . . . τα1 . We also
define [α1, α2, . . . , αn] by induction, so this is an n-dimensional subspace of X associated to (α1, α2, . . . , αn) and
we denoteX/−→α the quotient of X with respect to it. Thus τ−→α is an endomorphism of E(X) and a projection of E(X)
onto the subalgebra E(X/−→α ). The next description of the spectrum of E(X) extends some results of A. Mageira [11].
Theorem 2. If −→α ∈ A and a ∈ X/−→α , then κ(u) = (τ−→α u)(a) defines a character of E(X). Conversely, each
character of E(X) is of this form.
Remark 1. A natural abelian C∗-algebra in the present context is the set R(X) of all bounded uniformly continuous
functions v : X → C such that limr→∞ v(ra + x) exists, for each a ∈ X , locally uniformly in x ∈ X . This algebra
is larger than E(X). It would be interesting to find an explicit description of its spectrum.
We may now state our main results: they are consequences of the general theory developed so far (Section 1, Proposi-
tion 1, Theorem 2, and Example 2).
Theorem 3. Let H be a self-adjoint operator on L2(X) affiliated to E(X)⋊X . Then s-limr→+∞TraHT ∗ra =: τâ(H)
exists ∀a ∈ X \ {0} and σess(H) = ∪α∈SXσ(τα(H)).
Theorem 4. Let h be as in Example 2 and V =
∑
VY with VY : Hs → H−s symmetric operators such that VY = 0
but for a finite number of Y and satisfying:
(1) ∃µY , νY ≥ 0 with
∑
Y µY < 1 such that ±VY ≤ µY h(P ) + νY ,
(2) limp→0 ‖[Sp, VY ]‖Hs→H−s = 0,
(3) [Ty, VY ] = 0 for all y ∈ Y ,
(4) τα(VY ) := s-lima→αTaVY T ∗a exists in B(Hs,H−s) for all α ∈ SX/Y .
Then the maps Hs → H−s given by h(P ) + V and h(P ) +
∑
Y τα(VY ) induce self-adjoint operators H and τα(H)
in L2(X) affiliated to E (X) and σess(H) = ∪α∈SXσ(τα(H)).
Using also some techniques from [2], we obtain:
Example 3. Theorem 4 covers operators H =
∑
|k|,|ℓ|≤s P
kakℓP
ℓ which are uniformly elliptic with the akℓ finite
sums of functions of the form vY ◦ πY with vY : X/Y → R bounded measurable and such that limz→αvY (z) exists
uniformly in α ∈ SX/Y . The fact that we allow akℓ to be only bounded measurable in the principal part of the operator
(i. e. the terms with |k| = |ℓ| = s) is not trivial.
In addition to the above mentioned results, we also use general results on cross-product C∗-algebras, their ideals,
and their representations [4, 5, 13]. The maximal ideal spectrum of the algebra E(X) is of independent interest and
can be used to study the regularity properties of the eigenvalues of the N -body Hamiltonian [1]. Its relation to the
constructions of Vasy in [14] will be studied elsewhere.
Acknowledgements. We thank Bernd Ammann for several useful discussions.
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